We study the statistics of the vorticity field in two-dimensional Navier-Stokes turbulence with linear Ekman friction. We show that the small-scale vorticity fluctuations are intermittent, as conjectured by Bernard ͓Euro-phys. Lett In many physical situations, the incompressible flow of a shallow layer of fluid can be described by the twodimensional Navier-Stokes equations supplemented by a linear damping term which accounts for friction. An important instance, among others, relevant to geophysical applications is the rotating flow subject to Ekman friction ͓1͔. The twodimensional Ekman-Navier-Stokes equation are written in terms of a single scalar field, the vorticity ϭ"ϫv,
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where is the fluid viscosity and ␣ is the Ekman friction coefficient. In two dimensions, the incompressible velocity field v can be expressed in terms of the stream function as vϭ(‫ץ‬ y ,Ϫ‫ץ‬ x ). The vorticity and stream function are therefore related by ϭϪ⌬. The term f is an external source of energy acting on the largest scales-e.g., stirring. This term counteracts the dissipation by viscosity and friction and allows one to obtain a statistically steady state, characterized by a total enstrophy Zϭ͗ 2 ͘.
Here, we will study the statistical properties of vorticity fluctuations ␦ r ϭ(xϩr,t)Ϫ(x,t) at scales r smaller than the correlation length L of the external forcing. We will show that of the statistics of ␦ r is intermittent, and that the vorticity field has the same scaling properties as a passive scalar with a finite lifetime. As shown in Fig. 1 , the vorticity field-resulting from the numerical integration of Eq. ͑1͒, see Ref. ͓2͔ for details-is characterized by filamental structures whose thickness can be as small as the smallest active length scales. The wide range of scales involved in the vorticity dynamics manifests itself in the appearance of power-law scaling for the spectrum of vorticity fluctuations Z(k)ϭ2k͉͗ (k)͉ 2 ͘ϳk Ϫ1Ϫ . As already shown by Nam et al. ͓4͔, the spectral slope Ϫ1Ϫ depends on the intensity of the Ekman drag: for the frictionless Navier-Stokes case (␣ϭ0) we have ϭ0; a nonvanishing friction regularizes the flow depleting the formation of small-size structures and results in a steeper spectrum ͑see Fig. 2͒ .
In the range 0ϽϽ2 the exponent coincides with the scaling exponent 2 of the second-order moment of vorticity fluctuations, S 2 (r)ϭ͗(␦ r ) 2 ͘ϳr 2 . Let us now focus on a given value of ␣. In Fig. 3 we show the probability density functions of vorticity fluctuations ␦ r at various r, rescaled by their rms value ͗(␦ r ) 2 ͘ 1/2
. As the separation decreases, we observe that the probability of observing very weak or very intense vorticity excursions increases at the expense of fluctuations of average intensity. This phenomenon goes under the name of intermittency. Its visual counterpart is the organization of the field into ''quiescent'' areas ͑the patches, where the vorticity changes smoothly͒ and ''active'' regions ͑the filaments, across which the vorticity experiences relatively strong excursions͒.
The dynamical origin of this phenomenon can be understood as follows ͑see also Refs. ͓3,4͔͒. Let us first notice that, for any ␣ strictly positive and as far as the statistical properties in the scaling range are concerned, we can disregard the viscous term in Eq. ͑1͒. Indeed, at variance with the frictionless case, where the enstrophy flux is constant in the scaling range, in the presence of friction it decays as k Ϫ ͑see Fig. 4͒ . At the viscous wave number k d ϳ Ϫ1 the enstrophy flux is stopped by viscous dissipation, with a viscous dissipation rate ⑀ ϳ . Therefore, the enstrophy dissipation vanishes in the inviscid limit →0, since Ͼ0 ͑see Fig. 2͒ . In other words, in the limit of vanishingly small viscosity, there is no dissipative anomaly ͓3͔, and Eq. ͑1͒ can be solved by the method of characteristics yielding the expression (x,t)ϭ͐ Ϫϱ t f "X(s),s…exp͓Ϫ␣(tϪs)͔ds, where X(s) denotes the trajectory of a particle transported by the flow, Ẋ (s)ϭv"X(s),s…, ending at X(t)ϭx. The uniqueness of the trajectory X(s) in the limit →0 is ensured by the fact that the velocity field is Lipschitz continuous, as it can be seen from the velocity spectrum Fig. 2͒ . We remark that for Ͼ0 the second-order velocity structure function is dominated by the IR contribution of the spectrum and thus trivially displays smooth scaling independently of the value of . This is not the case for odd order structure functions that, in the absence of enstrophy dissipative anomaly, display anomalous scaling at the leading order ͓5͔. We have checked that this is indeed the case in our simulations ͑not shown͒.
Vorticity differences are then associated with couples of particles (xЈ,t)Ϫ(x,t)ϭ͐ Ϫϱ t ͓ f "XЈ(s),s… Ϫ f "X(s),s…͔ exp͓Ϫ␣(tϪs)͔ds. Inside the time integral, the difference between the value of f at XЈ and that at X is negligibly small as long as the two particles lie at a distance smaller than L, the correlation length of the forcing; conversely, when the pair is at a distance larger than L, it approximates a Gaussian random variable ⍀. We then have
T L (r) is the time that a couple of particles at distance r at time t take to reach a separation L ͑backward in time͒. Large vorticity fluctuations arise from couples of particles with relatively short exit times T L (r)Ӷ͗T L (r)͘, whereas small vorticity fluctuations are associated to large exit times.
Since the velocity field is smooth, two dimensional, and incompressible, particles separate exponentially fast and their statistics can be described in terms of the finite-time Lyapunov exponent ␥. For large times, the random variable ␥ reaches a distribution P(␥,t)ϳt 1/2 exp͓ϪG(␥)t͔. The Cramér function G(␥) is concave, positive, with a quadratic minimum in ͑the maximum Lyapunov exponent͒, G() ϭ0, and its shape far from the minimum depends on the details of the velocity statistics ͓6-8͔. The finite-time Lyapunov exponent and exit times are related by the condition Lϭr exp͓␥T L (r)͔. That allows to obtain for rӶL the following estimate for moments of vorticity fluctuations
The scaling exponents are evaluated from Eq. ͑2͒ by a steepest descent argument as p ϭmin ␥ ͕p,͓p␣ϩG(␥)͔/␥͖. Fig. 1 nature of has been completely ignored in the above arguments: the crucial hypothesis in the derivation of Eq. ͑2͒ is that the statistics of trajectories be independent of the forcing f . This is quite a nontrivial assumption, since it is clear that forcing may affect large-scale vorticity and thus influence velocity statistics, but it can be justified by the following argument. The random variable ⍀ arises from forcing contributions along the trajectories at times sϽtϪT L (r), whereas the exit time T L is clearly determined by the evolution of the strain at times tϪT L (r)ϽsϽt. Since the correlation time of the strain is ␣ Ϫ1 , for T L (r)ӷ1/␣ we might expect that ⍀ and T L (r) be statistically independent. This condition can be translated in terms of the finite-time Lyapunov exponent as rӶL exp(Ϫ␥/␣) and thus at sufficiently small scales it is reasonable to consider as a passive field. We remark that, if the velocity field was nonsmooth, the exit times would be independent of r in the limit r→0 and the above argument would not be relevant. Therefore, the smoothness of the velocity field plays a central role in the equivalence of vorticity and passive scalar statistics for this system.
To directly check whether small-scale vorticity can be considered as passively advected by velocity, we also solved the equation of transport of the passive scalar ͑Fig. 5͒ with a finite lifetime ͓3,9-11͔,
where the velocity field results from the parallel integration of Eq. ͑1͒. The parameters appearing in Eqs. ͑1͒ and ͑3͒ are the same, yet the forcings f and f are independent processes with the same statistics. According to the picture drawn above, we expect to observe the same small-scale statistics for ␦ r and ␦ r ϭ(xϩr,t)Ϫ(x,t).
In Fig. 6 we show the power spectra of vorticity Z(k) and of the passive scalar E (k). The estimate of the range of wave numbers at which the statistics of vorticity and passive scalar are expected to be coincident is kӷk*Ӎk f exp(/␣). With the actual values k f ϭ8, ␣ϭ0.15, and ϭ0.16 ͑see inset of Fig. 8͒ we have k*Ӎ23. The two curves in Fig. 6 are indeed parallel at large k (kӷk*), in agreement with the expectation 2 ϭ 2 . At smaller wave numbers we observe a big bump in Z(k) around kϭk f , which has no correspondent in E (k). This deviation is most likely associated to the presence of an inverse energy flux in the Navier-Stokes equation, a phenomenon that has no equivalent in the passive scalar case. Due to this effect, the scaling quality of S p (r) is poorer than the S p (r) one, and a direct comparison of scaling exponents in physical space is even more difficult. However, we observe in Fig. 7 that the probability density functions of vorticity and passive scalar increments, once rescaled by their root-mean-square fluctuation, collapse remarkably well FIG. 6 . Power spectra of passive scalar (ϫ) and vorticity (ϩ). Here ␣ϭ0.15. In the inset we show the ratio Z(k)/E (k), which approaches a constant for large k. onto each other. That is sufficient to state, along with the result 2 ϭ 2 obtained from Fig. 6 , the equality of the scaling exponents of the vorticity and passive scalar at any order:
The actual values can be directly extracted from the statistics of the passive scalar, which is not spoiled by largescale objects. In Fig. 8 In conclusion, we have shown that in the two-dimensional Ekman-Navier-Stokes turbulence, the small-scale vorticity fluctuations are intermittent. Intermittency is the consequence of the competition between the exponential separation of Lagrangian trajectories and the exponential decay of fluctuations due to friction. Small-scale vorticity fluctuations behave statistically as a passive scalar, as it has been confirmed by a direct comparison. The smoothness of the velocity field appears to be a crucial ingredient for the equality of active and passive scalar statistics. Lett. 83, 3426 ͑1999͒. ͓11͔ Z. Neufeld, C. Lopez, E. Hernandez-Garcia, and T. Tel, Phys.
Rev. E 61, 3857 ͑2000͒. 
